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We develop the supereld approah to the eetive potential in three dimensions and
alulate the one-loop and two-loop Kählerian eetive potential in ommutative and non-
ommutative ases.
The eetive potential is a key objet in quantum eld theory whose study allows to obtain fun-
damental information about dierent aspets of an arbitrary physial theory, suh as the struture
of the vaum, spontaneous symmetry breaking, phase transitions, et. [1℄. In the ontext of re-
ent investigations of spontaneous supersymmetry breaking [2℄, the study of the eetive potential
in supersymmetri eld theories seems to be highly relevant. At the same time, up to now, the
supersymmetri eetive potential was well studied only in four-dimensional spae-time, where the
whole methodology for its evaluation, based on the use of the supereld approah on all steps of the
alulations, was developed [3, 4℄. Suh methodology was applied for dierent supersymmetri eld
theories, suh as the Wess-Zumino model, both in ommutative [4℄ and nonommutative ases [5℄,
general hiral supereld model [6℄ and super-Yang-Mills theory [7℄. The supereld approah to
the study of the supersymmetri eetive potential in three spae-time dimensions was not well
developed despite a number of interesting results regarding three-dimensional supersymmetri eld
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2theories, espeially nonommutative ones [8℄.
Therefore a natural problem is the development of a manifestly superovariant methodology for
the alulation of the eetive potential in a three-dimensional supersymmetri eld theory. Some
diulties related to this subjet were pointed out in [9, 10℄. One important point is that in writing
the vauum expetation value of a salar supereld Φ(x, θ) = A(x)+θαψα−θ2F (x), we would have
in general
< Φ(x, θ) >= a− θ2f , (1)
with a and f onstants (< ψα >= 0 to preserve Lorentz invariane). If we allow f 6= 0, the
bakground-dependent propagator for the quantum eld Φ beomes non-loal in the θ variable,
making umbersome the alulation of supergraphs. On the other hand, if f = 0, the bakground
supereld < Φ > would be independent of the grassmanian oordinate of the superspae and, as a
onsequene, every superspae integral of a polinomial of bakground supereld would identially
vanish. In four spaetime dimensions, suh diulties an be surmounted, for example, by using the
methodology developed in [3, 4℄ for the evaluation of the supereld eetive potential. However, the
struture of three-dimensional supersymmetri models diers in relevant aspets when ompared
to the four-dimensional theories. In partiular, in three-dimensions there are neither hiral nor
anti-hiral superelds, whih play a fundamental role in the approah of [3, 4℄. In this work, we will
show how the above mentioned method must be modied for three-dimensional theories. We shall
work on a nonommutative spaetime, but our method also an be applied in the ommutative ase.
For simpliity, we will restrit ourselves to the ase of a theory involving a single salar supereld.
We start with the following three-dimensional supereld theory whih is desribed by a general
salar supereld ation (see f.e. [11℄):
S[Φ] =
∫
d5z
[
1
2
ΦD2Φ− V (Φ)
]
, (2)
where Φ is a salar supereld. We will start by evaluating the supereld eetive ation, in loop
expansion [13℄. To do it, we make a shift in the eld Φ,
Φ→ Φ0 +
√
~φ, (3)
where Φ0 is a bakground (super)eld (further we omit the index 0), and φ is a quantum one, whih
is ontrated into propagators. As a result, the lassial ation (2) takes the form
S[Φ, φ] = S[Φ] +
∫
d5z
(
~
1
2
φ[D2 − V ′′(Φ)]φ− ~3/2 1
3!
V ′′′(Φ)φ3∗ − ~2
1
4!
V (IV )(Φ)φ4∗
)
+ . . . , (4)
3where dots are for irrelevant terms in the two-loop approximation. Here the star symbol denotes the
fat that the usual produt of the elds is replaed by a Moyal-Groenewold one. The linear terms
in φ are omitted sine they produe only one-partile-reduible ontributions whih are irrelevant
in the ontext of the eetive ation. The eetive ation Γ[Φ] is dened by the expression (see
more details in [12, 13℄)
exp
(
i
~
Γ[Φ]
)
= N
∫
Dφ exp
(
i
~
S[Φ, φ]
)
, (5)
where N is a normalization fator. The general struture of the eetive ation an be ast in a
form similar to the four-dimensional ase [3, 4℄:
Γ[Φ] =
∫
d5z K(Φ) +
∫
d5z F (DαΦ,D
2Φ;Φ), (6)
where the K(Φ) is the Kählerian eetive potential and depends only on the supereld Φ but not on
its derivatives, and F is alled auxiliary elds eetive potential whose key property is its vanishing
in the ase when all derivatives of the superelds are equal to zero. It is easy to see that F is at
least of the seond order in the auxiliary eld of the salar supermultiplet. It an be expliitly
written as
F (DαΦ,D
2Φ;Φ) = F2.1(Φ)D
2Φ+ F2.2(Φ)D
αΦDαΦ+ . . . , (7)
where the F2.1(Φ) and F2.2(Φ) are funtions of Φ only but not of its derivatives, and the dots
orrespond to terms with four or more superovariant derivatives. It is lear that this approah
does not require to impose the ondition DαΦ = 0 whih is known to imply in diulties in the
interpretation of the results (see f.e. [9℄).
We will work with a loop expansion for the eetive ation Γ,
Γ[Φ] = S[Φ] + ~Γ(1)[Φ] + ~2Γ(2)[Φ] + . . . , (8)
the Kählerian potential K,
K(Φ) = V (Φ) +
∞∑
L=1
~
LKL(Φ), (9)
and similarly for F .
We start by onsidering the one-loop eetive ation in the form
Γ(1) =
i
2
Tr ln[D2 − V ′′(Φ)] + c , (10)
where c is a onstant oming from the normalization of the eetive ation. The more onvenient
normalization is Γ[0] = 0, whih orresponds to c = i2Tr ln(D
2).
4As a rst approximation, let us onsider the Kählerian eetive ation. From a formal viewpoint
this orresponds to disregarding all terms depending on derivatives of Φ (both ommon and spinor
ones), and allows us to alulate the quantum orretions to V (Φ). In this ase, we an write
Γ(1) =
i
2
Tr ln[− V ′′(Φ)D2]. (11)
This expression an be represented via the Shwinger proper-time representation [14, 15℄:
Γ(1) =
i
2
Tr
∫ ∞
0
ds
s
eis[−V
′′(Φ)D2]
=
i
2
∫
d5z
∫ ∞
0
ds
s
eis[−V
′′(Φ)D2]δ5(z − z′)|z=z′ . (12)
Again, sine we are alulating only the Kählerian part of the eetive ation, we have
Γ(1) =
i
2
Tr
∫
d5z
∫ ∞
0
ds
s
e−isV
′′(Φ)D2eisδ5(z − z′)|z=z′ , (13)
or, using that (D2)2 = ,
e−isV
′′(Φ)D2 =
∞∑
n=0
[−isV ′′(Φ)]2n+1
(2n+ 1)!

nD2 + . . . . (14)
Here the dots stand for terms whih do not ontribute to the integral. At this point, we an
learly state the dierene between the alulation of Γ(1) in four- and three-spaetime dimensions.
In four dimensions [3, 4℄, Γ(1) is given by an expression similar to Eq. (13), but there are more
independent strutures involving superderivatives and hiral and antihiral bakground superelds.
The alulation of the exponential similar to Eq. (14) involves the solving of a oupled set of
dierential equations, whose solutions an be found but are of rather umbersome form. In three
dimensions the number of independent strutures is muh smaller, atually only terms involving a
D2 will be relevant to the alulation of the Kählerian eetive ation. We will shortly show that
these terms an be diretly summed, thus providing a losed-form expression for Γ(1).
Let us now onsider a funtion U(x, x′; s) = eisδ3(x− x′). Its key property is that
i
∂U
∂s
= −U, (15)
whih allows us to obtain

nU(x, x′; s)|x=x′ ≡ neisδ3(x− x′)|x=x′ =
√
i
8π3/2
(
−i d
ds
)n 1
s3/2
=
in+1/2
8π3/2
(2n + 1)!!
2ns3/2+n
. (16)
From Eq. (14), after alulating the trae using that D2δ2(θ − θ′)|z=z′ = 1 and (2n+1)!!(2n+1)! = 1(2n)!! =
1
2nn! , we obtain
Γ(1) =
i
16π3/2
∫
d5z
∫ ∞
0
ds
s
∞∑
n=0
[−√−i V ′′(Φ)]2n+1
4nn!
sn−1/2. (17)
5By performing the summation, we end up with
Γ(1) = − i
√
i
16π3/2
∫
d5zV ′′(Φ)
∫ ∞
0
ds
s3/2
e−is[
(V ′′(Φ))2
4
]. (18)
After an appropriate analyti ontinuation, we reognize in (18) the integral dening a Gamma
funtion, and we nally arrive at
Γ(1) =
1
16π
∫
d5z
[
V ′′(Φ)
]2
. (19)
This is our nal expression for the one-loop Kählerian eetive ation. It is positively dened,
as it should be in a supersymmetri theory. We note its niteness, and we an also observe that
this expression holds also in the nonommutative ase. Indeed, sine the bakground supereld
is onstant in the spae-time, the Moyal-Groenewold produt of these superelds redues to the
usual one (for reviews on nonommutative eld theories dened by means of the Moyal-Groenewold
produt, see for example [16℄).
Now, let us go to two loops. We will onsider the nonommutative ase, the redution to the
ommutative one presents no diulties. Applying the expansion given in Eqs. (48), we an nd
that the expression for the two-loop eetive ation Γ(2) looks like,
Γ(2) = −i
∫
Dφ exp
(
i
2
φ[D2 − V ′′(Φ)]φ
)[
1
2
(
1
3!
V ′′′(Φ)φ3∗
)2
− 1
4!
V (IV )(Φ)φ4∗
]
. (20)
The two-loop ontributions are given by two supergraphs,
✫✪
✬✩
(a)
✣✢
✤✜
✣✢
✤✜
(b)
Sine we are interested in alulating the two-loop ontribution to the Kählerian eetive ation,
we an eetively assume that DαΦ = 0, so that the bakground eld dependent mass M = V ′′(Φ)
is independent of θ, thus the simple propagator
< φ(z1)φ(z2) >= −iD
2 +M
−M2 δ
5(z1 − z2), (21)
an be used. We also remind that the bakground supereld is onstant, so it is not aeted by the
Moyal produt [5℄.
6The verties in the nonommutative ase look like:∫
d5z V ′′′(Φ)φ∗3 (22)
=
∫
d2θ
∫
d3k1d
3k2d
3k3
(2π)9
(2π)3δ(k1 + k2 + k3) cos(k1 ∧ k2)V ′′′(Φ)φ(k1)φ(k2)φ(k3);∫
d5z V (IV )(Φ)φ∗4
=
1
3
∫
d2θ
∫
d3k1d
3k2d
3k3d
3k4
(2π)12
(2π)3δ(k1 + k2 + k3 + k4)×
× [cos(k1 ∧ k2) cos(k3 ∧ k4) + cos(k1 ∧ k3) cos(k2 ∧ k4) + cos(k1 ∧ k4) cos(k2 ∧ k3)]×
× V (IV )(Φ)φ(k1)φ(k2)φ(k3)φ(k4). (23)
Here k∧ p = kµΘµνpν , where Θµν is the matrix haraterizing the underlying nonommutativity of
the spaetime.
Thus, the ontributions from diagram (a) and (b) respetively, after trivial D-algebra transfor-
mations, look like
Γ(2)a =
1
8
∫
d5z
[
V ′′′(Φ)
]2
M
∫
d3kd3l
(2π)6
1 + cos(2k ∧ l)
(k2 +M2)(l2 +M2)[(k + l)2 +M2]
, (24)
and
Γ
(2)
b = −
1
12
∫
d5z V (IV )(Φ)
∫
d3kd3l
(2π)6
2 + cos(2k ∧ l)
(k2 +M2)(l2 +M2)
. (25)
The ommutative result is obtained by setting the nonommutativity to zero before integrating these
equations. In the nonommutative ase, we alulate these integrals using well-known relations (see
f.e. [17℄). Proeeding in a similar way to [5℄, and onsidering the nonommutativity matrix as
Θµν = ε0µνΘ, we obtain
Γ(2)a =
1
8
∫
d5z
[
V ′′′(Φ)
]2
M
[
− 1
32π2ǫ
− 1
32π2
ln
M2
µ2
+
3
256π2Θ2M4
]
+O(Θ). (26)
The divergene an be aneled via an appropriate ounterterm. Also, one an onlude that this
ontribution is singular at Θ→ 0 whih is a natural onsequene of the fat that in the ommutative
limit this ontribution is divergent. This singularity has the same nature as the ommon UV/IR
infrared singularity harateristi of nonommutative theories.
For the Γb, we proeed in a similar way and nd
Γ
(2)
b = −
1
12
∫
d5z V (IV )(Φ)
[
M2
8π2
+
1
64π2Θ2M2
]
. (27)
In this ase, there is no UV divergene but there is again a Θ = 0 singularity. The whole two-loop
Kählerian eetive ation is hene a sum of (26) and (27).
7In the ommutative ase these expressions look like
Γ
(2)
a,C =
1
4
∫
d5z
[
V ′′′(Φ)
]2
M
[
− 1
32π2ǫ
− 1
32π2
ln
M2
µ2
]
. (28)
and
Γ
(2)
b,C = −
1
8
∫
d5z V (IV )(Φ)
M2
8π2
. (29)
For the sake of onreteness, we onsider the lassial potential V (Φ) = mΦ2/2+λΦ4∗/4!. Using
our previous results, the Kählerian eetive potential in the nonommutative ase an be ast as
K(Φ) =
1
48
{
24mΦ2 + 2λΦ4 +
3
π
(
m+
λ
2
Φ2
)2
− λ
16π2
1(
m+ λ2Φ
2
)2
[
1
Θ2
+ 8
(
m+
λ
2
Φ2
)4]
+
3λ2
128π2
(
m+
λ
2
Φ2
)
Φ2
[
3
Θ2
(
m+ λ2Φ
2
)4 − 8 ln
(
m+ λ2Φ
2
)2
µ2
]}
, (30)
where we used the minimal subtration sheme to renormalize the theory. It is lear that this
expression for m = 0 displays a singularity at λ = 0, therefore in this ase the perturbative
expansion is broken, whih is a onsequene of the nonommutativity in this theory (see also [5℄ for
the four-dimensional analog of this problem).
Up to now, we have onsidered only the Kählerian eetive ation. Let us desribe the general
proedure to obtain the one-loop eetive potential taking into aount the superovariant deriva-
tives of the bakground supereld. As we have already notied, the one-loop eetive ation (11)
reads
Γ(1) =
i
2
Tr ln(D2 +Ψ), (31)
up to a normalization, where Ψ ≡ −V ′′(Φ). Using the Shwinger representation, we an write this
eetive ation as
Γ(1) =
i
2
∫
d5z
∫
ds
s
eis(D
2+Ψ)δ5(z − z′)|z=z′ . (32)
We then introdue the operator
Ω(s) = eis(D
2+Ψ) , (33)
whih an be expanded in a power series in the superovariant derivatives as
Ω(s) = 1 + c0(s) + c
α
1 (s)Dα + c2(s)D
2 . (34)
8We note that higher degrees of the spinor derivatives an be redued to the strutures whih are
already present in Eq. (34) by using the rules DαDβ = i∂αβ − CαβD2, (D2)2 =  and DαD2 =
−i∂αβDβ. The oeient funtions c0, c1, c2 depend analytially on s, the supereld Ψ and its
superovariant derivatives, and the spae-time derivatives ∂αβ , whih at on the delta funtion
appearing in Eq. (32).
The operator Ω(s) satises the dierential equation
1
i
dΩ
ds
= Ω(D2 +Ψ) . (35)
Substituting here the expliit form for Ω(s) in Eq. (33), we obtain a oupled set of dierential
equations for the oeient funtions c0, c1, c2,
1
i
dc0
ds
= c0Ψ+ c2(+D
2Ψ) + cα1 (DαΨ) + Ψ, (36a)
1
i
dcα1
ds
= −ic1γ∂γα + cα1Ψ+ c2DαΨ, (36b)
1
i
dc2
ds
= c0 + c2Ψ+ 1. (36)
As Ω(s = 0) = 1, the initial onditions are c0(0) = c
α
1 (0) = c2(0) = 0. Sine this is a linear
inhomogeneous system of dierential equations, the solution is of the form ci(s) = bie
iωs + di,
where bi and di are some s-independent oeients. Substituting this ansatz into the equations
(36), one nds for the solution of the homogeneous equation,
(ω −Ψ)b0 = b2( +D2Ψ) + bα1 (DαΨ), (37a)
(ω −Ψ)bα1 = −ib1β∂βα + b2DαΨ, (37b)
(ω −Ψ)b2 = b0, (37)
and for the partiular solution of the inhomogeneous one,
d0Ψ+ d2( +D
2Ψ) + dα1 (DαΨ) + Ψ = 0, (38a)
− id1γ∂γα + dα1Ψ+ d2DαΨ = 0, (38b)
d0 + d2Ψ+ 1 = 0. (38)
Equations (37), after some simpliations, imply in the following equation,
b1γ
[(
ω −Ψ+ 1
2
DβΨDβΨ
(ω −Ψ)2 −− (D2Ψ)
)
Cαγ − i∂αγ
]
= 0. (39)
Sine b1γ 6= 0 (otherwise the solution is trivial), the ω's an be found requiring that the 2×2 matrix
∆γα dened as
∆γα =
(
ω −Ψ+ 1
2
DβΨDβΨ
(ω −Ψ)2 −− (D2Ψ)
)
Cαγ − i∂αγ (40)
9must have zero determinant. This ondition is solvable in priniple, but we will not pursue this
solution here. As in four dimensions [3, 4℄, the evaluation of the non-Kählerian part of the eetive
ation an be done using these methods, but it is tehnially quite diult and the results, when
found, would be extremely ompliated.
In summary we developed a supereld method for alulation of the eetive potential in three-
dimensional supersymmetri eld theories. We sueeded to obtain expliit expressions for the
Kählerian eetive potential (whih depends on supereld Φ but not on its derivatives) up to two
loops, in the nonommutative ase; the orresponding results for ommutative theories follows from
simple modiations in our formulas. In priniple, our approah an be diretly generalized for
higher loops. We have also shown the approah for the muh more diult alulation of the
non-Kählerian ontributions to the eetive ation and potential.
Aknowledgments. This work was partially supported by Fundação de Amparo à Pesquisa do
Estado de São Paulo (FAPESP), Conselho Naional de Desenvolvimento Cientío e Tenológio
(CNPq) and Coordenação de Aperfeiçoamento de Pessoal de Nível Superior (CAPES: AUX-PE-
PROCAD 579/2008). A.C.L. is supported by FAPESP projet No. 2007/08604-1.
[1℄ S. Coleman, S. Weinberg, Phys. Rev. D7, 1888 (1973).
[2℄ K. Intriligator, N. Seiberg, Class. Quant. Grav. 24, S741 (2007), hep-ph/0702069.
[3℄ I. L. Buhbinder, S. M. Kuzenko. Ideas and Methods of Supersymmetry and Supergravity. IOP Pub-
lishing, Bristol and Philadelphia, 1998.
[4℄ I. L. Buhbinder, S. M. Kuzenko, J. V. Yarevskaya, Nul. Phys. B411, 665 (1994); I. L. Buhbinder, S.
M. Kuzenko, A. Yu. Petrov, Phys. Lett. B321, 372 (1994); Phys. At. Nul. 59, 148 (1996).
[5℄ I. L. Buhbinder, M. Gomes, A. Yu. Petrov, V. O. Rivelles, Phys. Lett. B517, 191 (2001),
hep-th/0107022.
[6℄ I. L. Buhbinder, A. Yu. Petrov, Phys. Lett. B461, 209 (1999), hep-th/9905062; I. L. Buhbinder,
M. Cveti, A. Yu. Petrov, Mod. Phys. Lett. A15, 783 (2000), hep-th/9903243; Nul. Phys. B571, 358
(2000), hep-th/9906141.
[7℄ B. de Wit, M. Grisaru, M. Roek, Phys. Lett. B374, 297 (1996), hep-th/9601115; M. Grisaru, M. Roek,
R. von Unge, Phys. Lett. B383, 415 (1996), hep-th/9605149; A. De Giovanni, M. Grisaru, M. Roek,
R. von Unge, D. Zanon, Phys. Lett. B409, 251 (1997), hep-th/9706013.
[8℄ H. O. Girotti, M. Gomes, A. Yu. Petrov, V. O. Rivelles, A. J. da Silva, Phys. Rev. D67, 125003 (2003),
hep-th/0207220.
10
[9℄ C. P. Burgess, Nul. Phys. B216, 459 (1983).
[10℄ A. F. Ferrari, A. C. Lehum, M. Gomes, A. J. da Silva, Phys. Rev. D76, 105021 (2007), arXiv: 0709.3280;
A. C. Lehum, Phys. Rev. D77, 067701 (2008), arXiv: 0801.0411.
[11℄ S. J. Gates, M. T. Grisaru, M. Roek, W. Siegel. Superspae or One Thousand and One Lessons in
Supersymmetry. Benjamin/Cummings, 1983, hep-th/0108200.
[12℄ R. Jakiw, Phys. Rev. D 9, 1686 (1974).
[13℄ I. L. Buhbinder, S. D. Odintsov, I. L. Shapiro. Eetive ation in quantum gravity. IOP Publishing,
Bristol and Philadelphia, 1992.
[14℄ S. Ojima, Progr. Theor. Phys. 81, 512 (1989).
[15℄ T. Mariz, J. R. Nasimento, A. Yu. Petrov, L. Y. Santos, A. J. da Silva, Phys. Lett. B661, 312 (2008),
arXiv: 0708.3348.
[16℄ M. Douglas, N. A. Nekrasov, Rev. Mod. Phys. 73, 977 (2001), hep-th/0106048; M. Gomes in Proeed-
ings of the XI Jorge André Swiea Summer Shool, Partiles and Fields, G. A. Alves, O. J. P. Éboli and
V. O. Rivelles eds, World Sienti Pub. Co, 2002; H. O. Girotti, Nonommutative Quantum Field
Theories, hep-th/0301237.
[17℄ L. Alvarez-Gaume, J. L. F. Barbon, R. Zwiky, JHEP 0105, 057 (2001), hep-th/0103069.
